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Peceo vl Copuler World

The notio.n of a congruent number has
been familiar to S0me matnematicians
for at least 3 thousand vears. The

itlustrated by a simple example:
(i)Takethreesquares,a2<b"<c?,which
have a common difference, p {we say
thattheyarein{arithmeticprogression):
forexample, a2= 12=1,b2:52:25,c2 =
7? =49, here D=49-25-75_ 1=24.
(i) Take the common difference, D, and
write it in the form Nd?, where N is
square free: for example, D=24=22xg,
(iti) N is then a congruent number (6 is
such a number).

The congruent numbers 5, 6, 14, 15,

together with 19 more less than 3
thousand, were given on an Arab
manuscript ¢900AD.

However, it was left to L Bastien in
1915toestablishthecongruenrnumber
101, for which the smallest associated
integers are:
a= 1628124370727269996961,
b:2015242462949760001961
c=2339148435306225006961,
d=11817‘l431852779451900
Algebraic formalism We are solving b*
~a?=¢? - p? = Ng? andthe problem is
to discover which values of N are
permissible,

Since2b?=¢? + a?then {2b)? = (c+a)?
+(c-a)?, now writing Nd?=uv(y+v)
(u—v)whereuiseven,visoddanduand
v have no common factor provides the
starting point for much of the computa-
tion andtheoreticalstudythathastaken
place. A summary of known results
including 198 congruent and 135 non-
congruent numbers less than g4
thousand is given by R Alter and T B
Curtz (Math Compvol 28, 1974, pp303).

Itis now appropriate to acknowledge
the assistance and advice of Robin
Merson, one of this column’s regular
readers. He is responsible for the
foHowing New approach angd also sug-
gested the inclusion of this topicin the
Numbers column.

We give the detailed algebra for odg
N; the word of encouragement being

Quickie

Puttwo pennies onthetable. fyoukeep
one fixed and roll the other around its
edge, always touching, how many

revolutions will it make? One, you
might think? Try it angd see,

Prize Puzzle
I bought a book the other day — it wag

that following through this analysis on
your micro should readily yield the
non-congruent number 105 which is
notwellknown inthe currentliterature:
Setu =4n,p?, v=n,q°, u+v =nsrf,u—v
= nues?, where Ninznsng= Nande= +1
ore=—1,

So, we have the four equations
4nip?+ ng'=nar, dn,p? ~ nyq? =
nses?, 8nip? = nar? + nses?, 2n,q% = nar?
~ nses?.

Taking congruences modulo 8, it is
seen that n,—n; is divisible by 4, and
nit+engisdivisible by8.Thesearelinear
restrictions. Taking congruences mod-
ulo each n in turn, we obtain quadratic
restrictions: for example, n,n; is a
quadratic residue of ny by which we
Mmeanthatthereis avalue of x for which
x% —nyny is divisible by n;. There are
twelve such restrictions which are not
completely independent.

Readers are invited to submit a
program or programs to determine
tongruent and,or non-congruent num-
bers. They may reasonably restrict the
search to numbers less than 3
thousand, although this is not obliga-
tory.

Try the effect of making two or three
ofu,v,u+v,u-v, perfectsquares: thisis
equivalent to having two or three of ny,
N2, N3 Nng unity. To obtain some
ngia-congruent numbers take a square
free N, factorise it, allocate its factors in
all possible waysto N1, N2, N3, Ng, testing
each allocation for the restrictions. f ali
ways fail, then N is non-congruent.

Submissions should include prog-
ram listings, hardware description, run
times and output. These will be judged
for accuracy, originality and efficiency
(not necessarily in that order) and a
prize will be awarded to the ‘best’ entry
received by 1 April 1985,

Please address entries to Mike
Mudge, ‘Square Acre’, Stourbridge
Road, Penn, near Woalverhampton,
Staffs WV4 5NF. Tel: (0902) 892141,

Tree-like Structures,
August 1984

The 3x + 1 Problem, also known as
Collatz’, Kakutani's, Syracuse and

JRE LIN

Mathematical mind-benders from Mike Mudge_'

Ulam’s Problem or Hasse's Algorithm
attracted  considerable response.
Volume one, number eight, June 1984
of Quarch (Archimedeans, Cambridge
University Mathematical
Newsletter) contains a detailed report
onthe state oftheart: appropriate since
this problem first prompted the news-
letter in April 1980.

Society |

JClagarias, The 3x + Tproblemang -

its generalisations, American Mathe-
matical Monthly, 19845 surveys the
largeamountofworkdoneinthisfield,

Responses from PCWreaders included |

reference to RE Crandall's Math Comp,
Vol 32, where the sequencea,, ;=%a,,
an even and a,.; = da, + 1, a, odd is
discussed. For d=1 this is trivial, if
d=5,181 or 1093 the recurrence does
notreduce to a cycle involving 1 for al|
ap. For d=7, ap—3 the behaviour is
unknown.

Dr D Fisher supplied a one-line
statement of the problem:

(1—cosmx,)2
Xn+ 1= V2(x,3
+{1—-cosmx,):2)

as aspecial case of a ‘chaotic iteration’,
Xn + 1 = Lx,(1-x,). No attempt was
made to use any graphics to display
tree-like structures; this topic will be
returnedtoin a later problem.

This month's worthy prizevinner is |

Fred Sait of ‘The Paddock’, Flanders
Road, Llantwit Major, South Glamor-
gan CF6 9RL. The work was carried out
in Apple Pascal on a U200 (Apple
compatible) computer with 48k RAM +
@ 16k language card; the results were
displayed using an Epson MX80 FT il
printer. A suitable prize will be sent to
‘The Paddock’. Further enquiries relat-
ing to this work shouid be directed
either to Fred Salt or myself.
—
Please note that submissions can only
be returned if a suitable stamped
addressed envelope is provided.
Expanded reviews of previous prob-
lems together with, subject to the
approval of the contributor, copies of
detailed programs from the prize-
winning entry may also be requested,

(END|

Brain-teaserscourtes yofJJClessa

an exciting mystery story. But | disco-
vered, after | was well into it, that a
whole section of pages was missing. |
calculated that the total of the page
numbers on the missing sheets was
2567. What were the missing pages?
Answers, on postcards only, to: PCW
Prize Puzzle, January 1985, Leisure
Lines, 62 Oxford Street, London W1.

Entries to arrive not later than 31
January 1985,

September Prize Puzzle

Over 200 entries were received for this
not too difficult logic problem. In fact,
the most difficult bit for a Greek entrant

that he could send in his (correct)

]

was knowing what a ‘postcard’ was S0

222PCwW



quotient of 4.
Incidentally, as several of you ob-
served, if you add or remove 9's from

the middle of this number the property
still remains.
The winning entry comes from Mr.

Claes Malcolm from Sweden. Congra-
tulations Claes (or is it Malcolm?), your
prize is on its way.

Problems with primes from Mike Mudge.

Definitions A Prime number is a posi-
tive whole number which is exactly
divisible by itself and unity only. Thus
the sequence of primes begins 2, 3,5, 7,
11,13,17,19,...

A truncatable prime number is a
prime which vyields a sequence of
primes when successive digits are
removed: always from the left (for a
left-truncatable prime), always from
theright (for a right-truncatable prime),
or simultaneously from the left and
right (for a shrinking prime). For exam-
ple: 629137 is left truncatable since it is
prime andso are 29137,9137,137,37, &
7.939133 is right-truncatable since it is
prime and so are 39133,9133, 133, 33, &
3.

The State of the Art Angell |0 and
Godwin HJ 1977 Mathematics of Com-
putation, vol 31 page 265, have tabu-
lated, to base ten, the largest left-
truncatable prime, L,, with base a
between 3 and 11 inclusive also the
largest right-truncatable prime, R,,
with base a between 3and 15inclusive.

Keith Devlin in The Guardian (8/11/
84) broadened the problem, base 10, by
admitting 1 as a prime. He stated that
there are 147 Ry, the largest being
1979339339. (This reducing to 83 with
largest 73939133 if 1 is excluded.)

Further Devlin counted 403 L,, less
than 10* (this reducing to 308 with the
exclusionof 1)togetherwith atotal of 24

shrinking-primes (reducing to 9 with
the exclusion of 1).

The problems set are:

(i) Reproduce the above results.

(ii) Extend the range of a quoted by
Angell & Godwin for L, & R,

(iii) Consider shrinking-primes, S, in
bases different from 10.

(iv) Investigate what happens if a
given prime is to be successively
truncated by the removal of primes
from either or both ends.

Readers are invited to submit their
program listings, together with hard-
ware descriptions, run times, any com-
ments and of course the output relating
to some (or all) of the above problems.
These will be judged for accuracy,
originality and efficiency (not neces-
sarily in that order), and a prize will be
awarded to the ‘best’ entry received by
1 June 1985.

Please address all correspondence to
Mike Mudge, ‘Square Acre’, Stour-
bridge Road, Penn, NrWolverhampton,
Staffordshire WV4 5NF. Tel 0902
892141.

Please note that submissions can
only be returned if a suitable stamped
addressed envelope is provided.

Expanded reviews of previous prob-
lems together with, subject to the
approval of the contributor, copies of
detailed programmes from the prize
winning entry may also be requested.

Prize winner

(Factorial n) + 1 is prime for the
following n less than 231: 1,2,3,11,
27,37,41,73,77,116, & 154.

(Primorial p) + 1 is prime for the

following p less than 1031: 2,3,5,7,11,

31,379,1019, & 1021.

This month’s prizewinner is Gareth
Suggett, Chichester, Sussex. Readers
should be encouraged by the incom-
pleteness of the winning submission.
Gareth has put all of the primes up to
65063 on a data file and implemented
some generalised arithmetic routines
in Basic on his BBC Micro, in spite of
recurring hardware problems. Primo-
rials up to 101 digits and factorials up to
72digits have beenlisted. However, the
tests for N.T.P. are incomplete being
conditional on extending the data file
and efficiently couplingittothe remain-
ing programme in a factorisation
routine.

Two related areas remaining for
investigation are:

a) Define A, = n! = (n—1)! + (n—2)!...
—(=1)"1! A, is prime for n =
3,4,5,6,7,8,10,15,19 at least; whilst
n = 27 yields the first A, with a
square factor. When are the A,
N.T.P.?

b} The left factorial function is defined
by: In = 0! + 11 + 21 + 3! 4+ |
+{n—1}! When is In prime or N.T.P.?

gl  WICROCHESS |

Kevin O’Connell bets on Chaos in the North American Computer

The game which follows was played in
the last round of the 15th North
American Computer Championship,
heid in San Francisco last October.
The game is proof of grandmother’s
old saying that one should never beton
a proposition.
White: Chaos. Black: Phoenix. Benoni
Defence

1 d2-d4 c7—ch
2 d4-ds e7-eb
3 e2-e4 d7-d6
4 c2-c4 g7-g6
5 Nb1-c3 Bfg—g7
6 Bf1-d3 Ng8-e7
7 Ng1-e2 0-0
8 Bc1-d2

(A typical position out of the Old
Benoni Defence, which shows the great

inthalacs
progress made by programs in the last

chess championship.

few years. It is very important here to.

retain freedom of movement for the
f-pawns and both programs seem to
understand this.)

8 e f7-15
9 f2-f3 Nb8-ab
10 Bd2-g5 Na6-b4
1 Bd3-b1 h7-h6
12 Bg5-h4 g6-g5
13 Bh4-f2 foxed
14 Bblxed

(Having e4 for his pieces promises
White some advantage.)

14 . Bc8-f5
15 0-0 Qd8-d7
16 a2-a3 Nbd-a6
17 Qd1-b3 Na6-c7
18 Bedxf5

(The start of an interesting but very

square

makes the 8

1S Maxkes e ¢o

available to White's queen. However,
the netresultofthewhole manoeuvreis
merely a very weak white pawn on ¢6.)

18 . Ne7xf5
19 Qb3xb7 Rf8-b8
20 Qb7-c6 Qd7xc6
21 - dbxc6 Rb8xb2
22 Ra1-b1 Ra8-b8
23 Ne2-g3 Rb2xb1
24 Rfixb1 Rb8xb1+
25 Nc3xb1 Nfo—e7
26 Ng3-e4 Nc7-e8
27 Nedxd6

(A horrible decision to have to make,
but against anything else Black simply
removes the pawn on c6 and then
builds up his central power-house.)

27 e Ne8xd6
28 Bf2xc5 Ne7-c8
28 Nbi-d2 Kgs—f7

PCW211



